COMPLEX CONVEXITY

BY
H. J. BREMERMANN()

1. Introduction. The first part of the present paper is a contribution to
the theory of regions of holomorphy in # complex dimensions. In particular
one (characteristic) property of the regions of holomorphy is elaborated,
namely, “pseudo-convexity.” The methods developed here are adaptable to
the study of holomorphic functionals in infinite dimensional Banach spaces
(compare Bremermann [7]).

In the second part (§§9 ff.) we study the pseudo-convex regions and
plurisubharmonic functions (introduced by K. Oka and P. Lelong, for defini-
tion see 2.6) for their own sake. We show that the notions “pseudo-convex”
region and “plurisubharmonic function” are formal extensions of the notions
“convex domain” and “convex function” from the n-dimesional vector space
of n real variables to the vector space C* of # complex variables. While the
convex functions, roughly speaking, are generated by linear functions, the
plurisubharmonic functions are generated by analytic functions. Convex
domains and pseudo-convex regions can be defined by means of convex func-
tions and plurisubharmonic functions, respectively. Therefore the “complex
convexity,” by which notion we will denote pseudo-convex regions and pluri-
subharmonic functions jointly, is a more complicated property than the (real)
convexity.

The basic theorem (5.1 and 5.4) of the first part is (simplified) the follow-
ing: Let H be a region of holomorphy. Let .S and T be pointsets such that
the closure of SUT is in H and such that every function which is holomorphic
in H takes its maximum modulus with respect to S\UT on T Let Ax(3) denote
the distance of the point 3& H from the boundary of H measured in an arbi-
trary norm. Then the function Ag(3) takes its minimum with respect to SUT
already on T. As consequences hereof we derive: A general “theorem of con-
tinuity,” some results on the holomorph-convexity and the theorem: In a
region of holomorphy H the function —log Ax(3) is for any norm a pluri-
subharmonic function in H. In regions of holomorphy (and only in regions of
holomorphy) the functions —log Ag(3) generate metric forms

n 9% —log Au(3) ~
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We compare these metrics with the metric generated by the (plurisubhar-
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monic) Bergman kernel function. Further we show: If for a region D and a
norm N the function —log Ap(3) is plurisubharmonic, then a certain “theorem
of continuity” holds, and conversely, if the theorem of continuity holds, then
any function —log Ap(3), based on an arbitrary norm, is plurisubharmonic in
D. A corollary hereof is: The property of the functions —log Ap(3) to be pluri-
subharmonic for a region D depends only upon the region but not upon the
norm. The regions for which the functions —log Ap(3) are plurisubharmonic
we denote as “pseudo-convex regions.” Thus every schlicht region of holo-
morphy is a pseudo-convex region (and the converse is also true according to
a result of K. Oka).

The pseudo-convex regions and plurisubharmonic functions are closely
related to the convex domains and functions. The plurisubharmonic functions
are formally defined by the same definition as the convex functions if one
replaces “R*” by “C»,” “linear majorant” by “harmonic majorant,” “straight
line” by “analytic plane,” etc. We demonstrate that many theorems hold for
plurisubharmonic functions as well as for convex functions. The same is true
for pseudo-convex regions and convex domains. A region DCC* is pseudo-
convex if and only if the function —log 8p(3) where 8p(3) is the euclidean dis-
tance function, is plurisubharmonic in D. We prove correspondingly: A do-
main BCR" is convex if and only if the function —log 85(r), where d5(z) is
the euclidean distance function of the domain B, is a convex function in B.
We show that many corresponding theorems hold for pseudo-convex regions
and convex domains and we derive a “restriction principle” which permits one
to derive for a certain class of theorems on plurisubharmonic functions and
pseudo-convex regions by restriction to tube domains the corresponding theo-
rems for convex functions and domains.

The correspondence of theorems suggests that one interpret results of the
theory of several complex variables in the convex case. We do this for Berg-
man’s “extended class of functions” and obtain on the other hand from the
interpretation a heuristic idea how to define a different “extended class” that
serves the same purpose, namely to solve certain boundary value problems.
We shall develop the details in a further paper.

Every domain BC R" possesses a convex envelope. The problem of defin-
ing the pseudo-convex envelope of regions DC C” leads one to consider non-
schlicht regions. Plurisubharmonic functions can be defined on complex mani-
folds with no difficulty at all because the property of being plurisubharmonic
is a local property and is not affected by holomorphic transformations. How-
ever, on complex manifolds there are no norms. Nevertheless one can define
pseudo-convex regions in the following way: A region D is pseudo-convex if
and only if there exists a plurisubharmonic function that tends to infinity
everywhere at the boundary of D. For schlicht regions this definition is
equivalent to the one given before.

The methods developed here are suitable for infinite dimensional Banach
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spaces. There is one difficulty however, the infinite dimensional spaces are

not locally compact. We shall show in a further paper that in spite of this

difficulty several theorems of this paper can be extended (Bremermann [7]).
2. Notation and auxiliary theorems.

2.1. We consider the space R* of # real variables x, - - - x, and the space
C» of n complex variables z; - - - 2,; 2; =x;+1y;. We write for the real vector
t=(x1 - - - x,) and for the complex vector 3=1(z; : + - 2,).

2.2. As topology we introduce the topology generated by the euclidean
norm. We note that all topologies generated by arbitrary norms are equiva-
lent. A region is an open set, a domatn an open and connected set. Each subset
of a region which is connected and cannot be enlarged without ceasing to be a
subset of the region or ceasing to be connected, we call a component. Unless
otherwise stated, we assume that our regions and domains are schlicht.

2.3. We write {3] P(3) } for “the set of all & C" that satisfy the property
P(3).” We use the symbol “ A” for the logical conjunction.

2.4. Let D, be a sequence (or family) of regions such that D,CD and
every point 3&D belongs together with a fixed neighborhood to almost all
D,. Then we write “lim,.,, D,=D.”

2.5. A function f(3) is holomorphic in a region D, if it is single-valued in
D and if for all 2&€D we have 9f(3)/9%;=0 for j=1, - - -, n. In other words,
f is holomorphic in each variable separately. We note that a consequence of
this definition is that a holomorphic function is not determined by the values
in. one component. We are free to prescribe in the different disjoint com-
ponents of a region “different” holomorphic functions and to consider them
together as one holomorphic function in the region.

2.6. A function V(3) is called “plurisubharmonic”(?) in a region D if

(@) —2=V(E) <+ in D,

(b) V(3) is upper semicontinuous in D,

(c) the Hermitian form

V(@)

uo=1 02,0%,

dz,.dz,

is positive semidefinite. (The differential form has to be taken in the sense of
Schwartz (Schwartz [1]).) The condition (c) is equivalent to:
(c’) The function V(3) is subharmonic in the intersection of every analytic

() This class of functions has been defined independently and at about the same time by
Oka [1] and Lelong [1]. Also the “Hartogs’functions” of Bochner-Martin [1] are closely re-
lated to this class (compare Bremermann [5] and [6]). Oka called these functions “pseudo-
convex functions.” The author adopted in his paper Bremermann [1] the notation of Oka
because he realized that the pseudo-convex domains correspond to the convex domains and
the considered class of functions to the convex functions (which is discussed in detail in this
paper). However, due to the work of Lelong, the denotation “plurisubharmonic functions” has
become more widely known and accepted.
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plane {3|3=3(°) +Xa} with the region D (a an arbitrary complex vector, \ a
complex parameter).

2.7. Let a function be holomorphic or plurisubharmonic in D and upper
semicontinuous in D. Then it assumes its maximum on D—D unless it is a
constant (Bremermann [1]).

2.8. A region H is called a “region of holomorphy” if there exists a func-
tion holomorphic in H and not holomorphic in a larger region (which could
also be non-schlicht) (Behnke-Thullen [1]).

A region of holomorphy H obviously has the property that it contains all
points in which every function that is holomorphic in H is still holomorphic.

2.9. THEOREM OF BEHNKE-STEIN. If { H,} is a sequence of regions of holo-
morphy and lim, ., H,=H, then H is a region of holomorphy (Behnke-Stein [1]
and Oka [1]).

2.10. A region D is called “holomorph-convex” if for every region
D,C CD there exists a region D*, DyCD*C CD, such that for every point
3 ED — D* there exists a function f(3), holomorphic in D, such that

max | fG3)| < | fG)|
1ED,

(Behnke-Thullen [1]).

2.11. Any schlicht region of holomorphy is holomorph-convex, and any
holomorph-convex region is a region of holomorphy (Behnke-Thullen [1]).

2.12. A convex domain is a domain such that the straight line segment
between any two of its points belongs to the domain.

A domain is convex if and only if through every boundary point passes
a supporting straight line (plane, hyperplane) (Behnke-Stein [2]).

3. Properties of distance functions.

3.1. Let N(3) be a norm in the complex vector space C* (for the real vec-
tor space R" the considerations are completely analogous). N(3) is a norm if
N(3) 0 if 30, N(0) =0, N(®+3®) S NGD)+NG®) and N(A3) = || N(3),
\ a complex scalar. In the following we shall write, if convenient, ||3|| for
N().

The point set {3| “3—3(‘”” <r} is the interior of the “sphere” of radius r
with center at 3 with respect to the norm. Let D be a region in the C*,
then we associate with every point §&D the value

Ap(3) =arsuprD (| |lz — 4]l <7} CD.

That is the supremum of the radii of the spheres with center at 3 that are con-
tained in D, or in other words the distance of the point 3 from the boundary
of D measured in the norm N. Thus Ap(3) is a real-valued function defined in
D. We call Ap(3) the “distance function of D based upon the norm N.”

3.2. In any region D that is different from the C* Ap(3) is continuous with
respect to the topology generated by the norm.
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REMARK. As we have noted already the topology generated by an arbi-
trary norm is equivalent to the topology generated by the euclidean norm.

If D is the whole C*, then Ap(3) = «. If D has at least one finite boundary
point, then any point in D has a finite distance from this point, and therefore
Ap(3) is finite in D in this case.

By definition we have: If H;—a“)“ <Ap(3), then 3&D. If now “3“) —3(2’”
<, then because of the triangle inequality we have l|3— 3("” <“3——3‘2)|| +e.
If therefore ”3—3(21” <Ap(3'V) — ¢, then 3ED, thus by definition

Ap(3™®) = Ap(3V) — ¢, and for symmetry reasons Ap(3®) = Ap(3®) — e
Therefore we have
|apG®) — Ap®) | <€ if |30 —3®| <¢

hence Ap(3) is continuous in D with respect to the norm.
3.3. For the intersection of regions we have, as we see from our definition,

Ap,np,(3) = min {Ap,(3), Ap,(3)}.

In general, if D is the largest open set contained in the intersection of a family
of regions {D,}, then Ap(3) is the lower envelope of the family of functions
{Ana(a) } , that is

Ap(3) = inf {Ap,(3)}.

3.4. The distance function that belongs to the euclidean norm |||,
=(|zl|2+ cee +|z,.|"’)”2 we denote by 6&p(3), and the distance function
that belongs to the maximum norm ||3||» = max; {|2;] } we denote by 83(3).
(The function 83(3) was introduced by Cartan-Thulleh [1] and termed
“Randdistanz”.) We note that a distance function is invariant with respect
to the same transformations of a domain D with respect to which the norm
is invariant. Thus 85 (3) is invariant with respect to euclidean transformations

“and 8}(3) is invariant with respect to the group of permutations of the co-
ordinate planes and euclidean transformations within the planes.

3.5. Let a be a complex vector of norm one, |[a]| =1, and A a complex
scalar. Then we define

Bap() =asuprD {33 =3+2 A || <r} CD,

in other words Aq,p(3) is the radius (measured in the norm N) of the largest
disk with center 3 on the analytic plane { 3’| 3’ =3+\a} that is contained in D.

When a varies through all directions, then the union of all circles {3’|3
=3+MaA|\| <r} is obviously equal to the sphere {#|lls—3]l <r}. Therefore
we have

Ap(3) = il:f {A..n(a)}.
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4. The maximum principle.
4.1. We say that the “maximum principle” holds for the point sets S and T

with respect to the class of (real-valued) functions L, if for any function V(3) EL
we have the equality

sup V(3) = sup V().
e IESUT
Analogously we say “the minimum principle” holds for S, T, and ..

4.2. Let F be a 2k-dimensional analytic surface (1 £k <n) with a param-
eter representation and only ordinary points. That is, for every point 3 EF

there exists a vector function k@A, - - -, i) such that 3@ =00, . . .,
A9 and that AB®(\;, - - -, N\) is holomorphic in a neighborhood of
A AD and 3=k©®(\;, - - -, \i) represents F in a neighborhood of

3@, and the functional determinant is of rank k.

If an analytic surface F is contained in a domain D and f(3) is a function,
holomorphic in D, then f(A,®(\y, - - -, A\&)) is for every 3® a holomorphic
function of A;, - - -, A\ in a neighborhood of AP, - - -, A®. We can say
“f(3) is holomorphic on F.” However, in order to consider functions “holo-
morphic on F” it is not necessary that f(3) is defined in a full 2z#-dimensional
neighborhood of F. We call f(3) “holomorphic on F” if f(3) is defined and single-
valued on F and if f(h;®(\1, - - -, N\&)) s holomorphic for every 3" EF in a
neighborhood of A?, - - - |\,

4.3. Let S be a domain on an analytic surface F and T its boundary and
S\UT CF. Then the maximum principle holds for the class of moduli of functions
that are holomorphic on S and continuous on S\IT.

Proof. According to our Definition 4.1 the maximum principle holds if
f(3) is a constant. Suppose there would exist a function f(3) holomorphic on S
and continuous on S\UT for which the maximum principle is violated. Let
m be the maximum of | f(3)| in SUT and M the point set in S\UT for which
| f(3)| =m. Obviously MC CS. Let 3 be a boundary point of M. Then

f(B®(\, - - -, \e)) would take its maximum at an interior point of a neigh-
borhood of AL, - - -, A?), and would not be a constant. That is a contra-
diction.

4.4. If an analytic surface F is contained in a domain D and V(3) is plsh.
in D, then V(ljo(\1, - - -+, M) is for every 3@ EF a plsh. function in a
neighborhood of AL, - - - | \®. We say “V () is plsh. on F.” Analogously as
in 4.3 we define “a function V(3) is plsh. on F” if V(3) is defined on F and if
I{(h;(o)()x, . (-)- » \t)) is plurisubharmonic for every 3 € F in a neighborhood of
)‘10), R )‘ko°

4.5. Let S be a domain on an analytic surface F and T its boundary and
S\UT CF. Then the maximum principle holds for the class of functions that are
plsh. on S and upper semi-continuous on SIT.

The proof goes exactly as in 4.3 because a plurisubharmonic function,
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too, takes its maximum at an interior point of a domain where it is plsh. if
and only if it is a constant (see 2.7).

4.6. As the moduli of holomorphic functions are special plurisubharmonic
functions, the maximum principle holds for S, T and the class of functions
that are holomorphic in a neighborhood of S\UT whenever it holds for S, T
and the class of functions that are plurisubharmonic in a neighborhood of
SUT.

The converse is true in special cases (as in 4.3). Also it has been conjec-
tured by Bochner and Martin that every plurisubharmonic function is a
Hartogs function from which the converse would have followed. However it
has been shown in Bremermann [5] and [6] that the conjecture is not true
in general and the counterexample constructed in [5] is also an example of a
pair of sets for which the maximum principle holds with respect to the moduli
of holomorphic functions but not with respect to plurisubharmonic functions.

The converse is true for the classes of functions that are holomorphic,
plurisubharmonic respectively, in a fixed domain D such that SUTCCD,
where D is a domain of holomorphy (Bremermann [5]). It is an open problem
to decide whether the converse is true in this case only when D is a domain
of holomorphy. The general question of the characterisation of the sets for
which the maximum principle holds for holomorphic functions seems to be
a deep one. (Compare also Behnke-Sommer [1].)

5. Distance functions in regions of holomorphy.

5.1. THEOREM. (Compare Bremermann [4, §4), and Cartan-Thullen [1].)
Let H be a region of holomorphy. Let the maximum principle be valid for the
point sets S, T with respect to the class of the moduli of the functions that are
holomorphic in a region D such that SUTCDCH. Let x(3) be an arbitrary func-
tion holomorphic and different from zero in D. Let S be an open set. Then we
have

(1) infier |x(3)|A0r() =inficsur |x3)|Aan() and

(2) infier |x(3)|An(3) =inficsyr |X(3)|Ax(3),
where Aa,u(3) and Au(3) are distance functions as defined in §3 based upon an
arbitrary norm.

REMARK. The methods developed here are adaptable to the case of in-
finite-dimensional Banach and Hilbert spaces. We shall, however, treat the
infinite-dimensional case in a further paper (Bremermann [7]).

We shall prove the theorem under the assumption that S is an open set.
Later, in 5.4 we shall free ourselves from this assumption in the case of the
second equality.

Proof. The second equation follows from the first: It is

inf inf | x(3)|Aen(3) = inf inf |x()|Ae&(a) = inf | x().| Ar(3)
lal=1 ;€T 1IET faff=1 IET

where infja].; means the infimum taken with respect to all vectors a with
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norm one. And just the same we have

inf inf | xG)| Aex®) inf inf | x(3)| de.(3)
lall=1 ESUT ESUT fall=1

inf | x(3) | Ax(3).
EeSUT

Therefore the second equality is proved when the first equality is proved.
Proof of the first equality of 5.1: We choose a region H* such that
SUTCH*C CH. Such an H* exists because we have by assumption S\UT
CH. Because TCH*, infycr Aq,n*(3) | x(3)| =m exists and is larger than zero.
Let a be a complex vector with ||a]| =1 and A a complex scalar. Then the set

T*=4 3|3y ET A =3 +NMA |7 <m|x@)]|}

is a subset of H*.
Let f(3) be a function holomorphic in H that cannot be continued into a
domain larger than H. Such a function exists because H is by assumption a
region of holomorphy. Because H*C CH there exists an M such that
|fG)| <M in H*. f(3’+Na) is for fixed 3’ a holomorphic function of \ in the
intersection of H with the analytic plane { 3| 3=3'+Aa}. We develop f(3'+\a)
in a Taylor series:
© 9 ’
15+ = 5 - TN
y=0 V! N

A%

A=0

If &T and |>\| <m|x(3’)|“, then y’+NaET*CH¥*, therefore |f(3’+)\a)|
< M. Therefore, applying Cauchy’s formula we obtain ’

1 (3 + \a M
1 &G A 2a) 'g.—___., fory €T,
»! N h=! T owr| x@) |

hence
1 o’f(3' + Ma) M

" IR sz for/ € 7
v! )\ A=0 m’

The left-hand side is a holomorphic function in D. Therefore, applying that
for S, T and the functions that are holomorphic in D the maximum principle
holds, we conclude that the latter inequality holds not only for 3 €T but for
iy ES.
Therefore the series

2. 1 6f(z + \a)

y—o V! INY A=0

(2) »

converges uniformly in any point set

3) By ESA = +MA [N Som|xG) [
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where 0 < <1. The series is a generalized Hartog series (compare Bremer-
mann [1]). It represents our function f(3) if the set (3) is an open set. This
is ensured if S is an open set.

Letting 3—1 we conclude that f(3) is holomorphic in the set

(4) Bl €sSAns=3+MA N <m|x@) [}
f(3) is by assumption not holomorphic in any domain larger than H. There-
fore this pointset belongs to H. Hence
for y €S wehave Aqn*(y) = ml x(3) |"1.
This is true for every H*. Letting H*—H, then
m = inf Aar(3) | X(@) [ — inf Aa.n(@) | x(G) |72
€T EeT

Therefore

inf Aa,z(3)| x(3)| ™ Z inf Aa,u(3)| x(3)| Y,
€8 €T

from where the first equality of the theorem follows immediately. q.e.d.

5.2. REMARK. The proof of Theorem 5.1 works out just the same if instead
of the “strong maximum principle”: If V(3) <M on T, then V(3)<M on S
we have only the following “weak maximum principle.” If V(3)<M on T,
then V(3) <cM, where c is a constant independent of the particular function
V(3). Indeed, from inequality (1) in the proof of 5.1 we get

1 &/ + )

IxG") I“ = ———GQM fory €8
v! N T om

A=0

(instead of <M /m*). But this inequality is sufficient to conclude that the
series (2) converges uniformly in any point set (3). Hence Theorem 5.1 is
true also if the strong maximum principle is replaced by the weak maximum
principle.

5.3. LEMMA. Let the maximum principle be valid for the point sets S, T
and the class L of moduli of functions that are holomorphic in a fixed open
set D containing S\UT. Let

T() =ar (318 ET A = 3|l <0}
and

Se) =ar (3|3 =SAIlY =4l <0}
Let po be such that T(po)\JS(po) CD for p=<pe. If fQ)EL and |f3)| =M in
T(po), then |£(3)| S2M in S(po/2).

Proof. Let 3=3-+\a, X\ a complex scalar and ”a” =1. Let f&.L. If then
3 ESUT and |)\[ <po, then 3ET(00)\JS(po) CD and we have for f(3’+\a)
the development
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Iy
S = o LG

=0 ¥! N’ Am0
If now |f(3)| <M in T(po), then we have by Cauchy’s formula
1 /(G + 2a) M
v! )\

Po

L4

foryy €T: ‘

A=0

Because the maximum principle holds for S and T, the last inequality holds
also for 3 €S. Therefore

f<3'+xa>§Mi(m)'.

=0 pPo

For |\ =po/2 the value of the series is smaller than or equal to 2. Letting
the vector a vary through all directions we obtain

f®| =2M for 3 E S(po/2). q.ed.

5.4. Theorem 5.1.2 is valid without the additional assumption that S is an
open set.

Proof. Let the maximum principle be valid for S, T, but let S be arbitrary
otherwise. Then we apply Theorem 5.1 to S(p/2) and T'(p). For S(p/2) and
T(p) the weak maximum principle holds and S(p/2) is an open set. Therefore
by 5.2 we obtain

inf AnG)|x@| = _ inf M@ [x®)|  forp = po.
1IET(p) IESK/2)UT ()
Letting p—0, then S(p/2) tends to S and T'(p) to T, and the infimum with
respect to T(p)\US(p/2) tends to the infimum with respect to T\US, because
Ax(3) is continuous; and inf;er(, tends to inf,er. Therefore we obtain

inf An() | x(@) | = inf ArG)|xG) . qed.
€T 1IESUT

6. The theorem of continuity and the holomorph-convexity as conse-
quences of the “Fundamental theorem.”

6.1. THEOREM OF CONTINUITY (“KONTINUITATSSATZ”). (Compare Behnke-
Sommer [1] and Behnke-Stein [3].) Let H be a region of holomorphy. Let {S.},
{T.} be sequences of sets, such that S\JT,C CH and such that the maximum
principle is valid for every v for S,, T, and the class of moduli of functions that
are holomorphic in H. Let lim,.,, S,=So and lim,., T,=T, and let So\JT, be
bounded.

Then ToC CH implies S0\ JTC CH.

Proof. Applying Theorem 5.1.2 for the euclidean distance function and
x(3) =1 we obtain
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inf 511(3) = inf 5}1(3).
€T, IEETHUS,
As we have proved in 3.2 the distance function 65(3) is continuous in H.

Also So\JUT, is bounded. Therefore this relation holds also in the limit, that
means

inf 51;(3) = inf 55(3)
1IETo 1€ ToUSo

Because ToC CH we have inf,er, 81(3) >0, and therefore inf,er,ys, 0u(3)
>0, and therefore

SoUTo CC H. q.e.d.

6.2. REMARK. A basic difference between one and several complex vari-
ables is the following: In one variable the sets S, T for which the maximum
principle holds for the moduli of holomorphic functions are essentially sub-
domains of H and their boundaries. The condition that the interior points
of a subdomain of a domain of holomorphy H have a distance from the
boundary of H greater than or equal to the distance of its boundary is a trivial
one and does not impose any restrictions on H. Any domain is a domain of
holomorphy. In several complex variables, however, there are the 2-dimen-
sional analytic surfaces for which the maximum principle holds (see 4.4). It .
is not trivial that the interior points of an analytic surface in a domain H
have a larger distance from the boundary of H than the points of the bound-
ary (of the analytic surface). Therefore for n>1 the validity of our funda-
mental theorem and the theorem of continuity is a condition on H which is
satisfied only by a certain class of domains.

6.3. HoLoMORPH CONVEXITY. The holomorph convexity of regions of
holomorphy is well known (see 2.10 and 2.11). However; we should like to
show that it can be easily derived from our fundamental Theorem 5.1 (5.4).
We formulate the following theorems of this section for the euclidean distance
function, but they are valid for an arbitrary distance function Ag(3) just as
well.

Let H be a bounded region of holomorphy. Let H, be a subregion, HyC CH.
Let inf,eyn Ou(3)=m. Let

H* = (3|3 € HAba(3) 2m).

Then there exists to every point 3O € H— H* a function f(3), holomorphic in H,
such that

| fG®)| > sup |fG)| = sup | fG)].
1Yo 1IEH

Proof. Suppose this would not be true. Then for any function f(3) holo-
morphic in H we would have
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[1G®)| = sup |f®)].
IEH*

Therefore, if we put S= {3(0)} and T=H*, the maximum principle holds
for S, T, and the moduli of the functions holomorphic in H. That SCCH is
trivial and TC CH because H is bounded. Therefore we have according to
our Theorems 5.1 and 5.4.

8(3®) = inf 6(3) = m.
IET

Therefore 3 € H*, but that is a contradiction to the fact that we have chosen
{3 OEH—H*.

6.4. Let H be a bounded region of holomorphy, let x(3) be a function holo-
morphic, bounded, and different from zero in H. Let

H(xG), 0) = {3]3 € HA ()| xG)| > o}

Then for every point 3 € H—H(x(3), p) there exists a function, holomorphic in
H such that
56| > s @]
1EH (x(3),p)

The region H(x(3), p) is compact in H because H and x(3) are bounded.
Using Theorem 5.1 we conclude exactly as in 6.3.

6.5. Under the assumptions of the preceding Theorem 6.4 any region
H(x(3), p) is “convex with respect to functions that are holomorphic in H.” That
means: For any compact subregion H, of H(x(3), p) there exists a region H*
such that

Hy C H* C C H(x(3), p)

and to every point 3 in H(x(3), p) — H* there exists a function f(3) kolomor-
phic not only in H(x(3), p) but in H such that

| /G| > sup | fG)].
E B>

Indeed, any region H(x(3), p’) where p’ is such that H,CH(x(3), p’)
C CH(x(3), p) will satisfy this condition according to 6.4, and there always
exist p’.

6.6. Under the assumptions of 6.4 any region H(x(3), p) s a region of
holomorphy. This follows from 6.5 and a theorem by Cartan-Thullen: Any
region that is holomorph-convex is a region of holomorphy, (2.11).

7.- —log Axu(3), plurisubharmonic functions, metric forms, and kernel
functions in regions of holomorphy.

7.1. In a region of holomorphy any function —log Au(3) is a plurisubhar-
monic function. (For the definition of the plsh. functions, see 2.6.)



1956] COMPLEX CONVEXITY 29

This result has first been proved for —log dx(3) by the author in the
following way (Bremermann [1, p. 54], compare also Lelong [3]): We show
that —log 84(3) is plsh. in regions that satisfy a certain theorem of continuity
(compare also 8.4). As any region of holomorphy satisfies this theorem of
continuity, —log d5(3) is plsh. in regions of holomorphy.

We shall give here a simpler proof based directly on Theorem 5.1 (and
5.4).

Suppose it would not be true. Then, as —log Ax(3) is continuous, there
would exist an analytic plane {3]3=3©® +)\a} such that —log Agx(3) is not
subharmonic in {3|3=3<°) +7\a}f\H (compare Definition 2.6). That means
there exists a point 3V on the plane and a (small) circle around 3* such that
—log Ax(3¥ +Na) is not subharmonic in the circle. For simplicity’s sake we
change the representation of the analytic plane to {3! 3P +Na}. Let the radius
of the circle be  and let V(A) = —log Ag(3'?+Xa).

Then there exists a function k(\), harmonic for |\| <7, and continuous
for |\| <7, such that

(1) V) < A\ for |A]| =7
and there exists a A(® such that
(2) VAA©) > h(\®),

As the circle I)\| <r is simply connected we find a conjugate function
h*(\) such that A(\)+<A*(\) is holomorphic for I)\[ <r. We approximate
the function A(A\)+22*(\) by a function g(A\) that is holomorphic in the
whole A-plane such that the inequalities (1) and (2) are still valid for the real
part of g(A\). Then we continue g(\) holomorphically into the whole space.
This can easily be done by prescribing g(3) =g(\) in all points 3=3®+\a
+pb@D+ - - - Fp b, |p2| <o, v, Ip,.l < «, where the b are such that
{a, B® . .. p™} is an orthonormal base of the space C*. Then g(3) is holo-
morphic in the C* and therefore in particular holomorphic in H.

Let

S=1{ils =3P +nMA [N <7}

and

T={3]3=3"+rA |r =r}

Then the maximum principle holds for S and T'. Therefore we should have
according to Theorem 5.1 and Remark 5.4:

An(3) | @@ | 2 inf Ax(p) | @ | for 3 € S.
ET

We have however

V() = Reg(3) onT
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which is equivalent to
0 < log (Au(3) | eo®|) onT
which is equivalent to
1= Ax(3) [ e"‘)l on T.
On the other hand we have at the point 3 =3 -\ (@q,
1> Ag(3®) | £9G®) | .

3@ is a point in S. That is a contradiction. Therefore —log Ax(3) is plurisub-
harmonic in H.

7.2. CorOLLARY. If H is a region of holomorphy, then there exists a function
V(3) that is plurisubharmonic in H and that tends to infinity everywhere at the
boundary of H. We say “V(3) tends to infinity everywhere at the boundary of H”
if for arbitrary large M we have {3[ yEHAVR) <M} CCH.

The function —log Ax(3) is plurisubharmonic in H as we have just proved
and it tends to infinity at every finite boundary point. Therefore if H is
bounded, then —log Ay(3) has the required properties. If H is not bounded,
the function —log Ap(3) may remain finite when approaching an infinite
boundary point of H (examples can easily be constructed). In this case we
take —log A}(3) =4 sup{ —log Au(3), log |=|, - - -, log |2.| }. The functions
log [zll -+ - log Iz,.| are plurisubharmonic and the upper envelope of a finite
set of plurisubharmonic functions is plurisubharmonic. —log Aj(3) tends to
infinity everywhere at the boundary, even if H is unbounded, therefore it
has the required properties and our corollary is proved.

7.3. The Corollary 7.2 is not really a weaker statement than 7.1 because
we shall show later (in 9.25): If D is a region such that there exists a function
V(3) that is plurisubharmonic in D and becomes infinite everywhere at the
boundary, then for any norm —log Ap(3) is plurisubharmonic in the region.

7.4. A function V(3) is plurisubharmonic if and only if the Hermitian form

LI-E 4
> dz,d3,
Bopeal az,.aéy

is positive semidefinite. (If V(3) is not differentiable in the classical sense we
have to take the form in the sense of Schwartz’s distribution.) (See 2.6.) How-
ever, any plurisubharmonic function can be approximated uniformly in any
compact subregion by plurisubharmonic functions that are arbitrarily differ-
entiable in the classical sense such that the form is positive definite (Bremer-
mann [1]).

Thus in regions of holomorphy (and only in regions of holomorphy, com-
pare 8.7) the functions —log An(3) generate metric forms
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n 2
ds* = ), a—lﬂi—(}zdz,.dé.
B, veml 62,,62,
(ds? is only positive semidefinite, however).

The metric form generated by —log 6x(3) is invariant with respect to
euclidean transformations of H, because 8x(3) is euclidean invariant. (Com-
pare 3.4.) The metric form generated by —log 85(3) is invariant with respect
to the permutations of the coordinate planes and euclidean transformations
within the planes (compare 3.4).

7.5. In connection with the preceding considerations we remember that
the metric form, generated by the Bergman kernel function,

dst= Y, __log Ko 9 dz,dz,,
pope=l 02,02,
is holomorphically invariant, and log Kp(3, 3) is plsh. in D (Bergman [2;
3; 5], Bremermann [2]).

However, log Kp(3, 3) is not itself invariant with respect to holomorphic

transformations, the transformation law is

2

Kp*(3*,3*) = Ko(3, 3) | Det

.

%

The metric form has the special feature that it is not only semidefinite
but definite and that its coefficients are real analytic.

The question arises: Does log Kp(3, 3) become infinite everywhere at the
boundary of D?

We have studied this question in Bremermann [2]. We obtained: A nec-
essary condition that log Kp(3, 3) becomes infinite everywhere at the boundary of
the region D is that D is a region of holomorphy.

On the other hand, we have simple examples of domains of holomorphy
H such that log K5 (3, 3) does not become infinite everywhere at the boundary
of H (Bremermann [2]).

However, any domain of holomorphy is the limit of a monotonously in-
creasing sequence of domains of holomorphy in which the function log K (3, 3)
does become infinite everywhere at the boundary (Bremermann [2]).

7.6. In the case of one complex variable the “classical” Bergman kernel
function Kp(z, ) which is based on the inner product

. g) = fD fado

remains finite (Kp'(z, 2) greater than zero) at isolated boundary points,
(Bremermann [2]).
We should like to mention: If we introduce an inner product with a certain
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“wetghting function,” we can obtain a kernel function that does become infinite
everywhere at the boundary.
We introduce as inner product (let D be bounded)

(. g) = fD F@)2(@)85(2) o

The whole kernel function theory works just the same (compare Nehari [1],
Bergman [2]) as in the case of the inner product [pfgdw.

Let the “reproducing kernel” (Aronszajn [1]) that belongs to [pfgd}(z)dw
be kp(z, Z). Then, just as for Kp(z, ) we have for kp(z, 2) the representation

(kp(z®, 3©))~1 = min fD| 1) |"s0(2)dws,

the minimum taken with respect to all functions f(z) with I f(z(°))| =1.
Let 2 be a boundary point of D. Then we take the function f(2)
=¢/(z—2"). We have by definition of the euclidean distance fuaction:

op(z) < |z — 2.

Therefore

2
f —-e——af;(z)dw =< ezfdw = ¢ Areaof D < .
D I 7 — gz |2 b
Therefore €¢/(z—3®) is (for any €) a function in our class (of functions for
which (f,f) < ©). [¢/(z—2") is in general not square integrable and therefore
not in the class of functions considered in the case of the “classical” Bergman
kernel function. That makes the difference. Compare Bremermann [2].]
For |z—2®| <e we have |f(2)| =¢/|z—2z®| >1. Therefore we have

for ‘ z — z(l)! < e: (kp(z, 2))~* < €* (Area of D).

That means obviously that kp(z, £) goes to infinity everywhere at the bound-
ary of D.

This method is limited to one variable.

8. Pseudo-convex regions.

8.1. We say that “the theorem of continuity” holds for a region D with respect
to the family of sets {S,, T\, So, To} if the condition S,, T,, ToC CD, lim,., S,
=S and lim, ., T,=T, implies SoCCD.

8.2. Let D be a region such that for a certain norm the function —log Ap(3)
is plurisubharmonic in D. Then the theorem of continuity holds for D with respect
to bounded domains S,, So on analytic surfaces and their boundaries T,, T,.

The analytic surfaces may be as defined in 4.2. The theorem follows ex-
actly as Theorem 6.1 when we consider the fact that the maximum principle
holds for domains on analytic surfaces and their boundaries with respect to
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the class of plurisubharmonic functions, as we have shown in 4.5.

8.3. Let the theorem of continuity hold for a region D with respect to domains
S, and their boundaries T, on analytic surfaces. Let Ap(3) and Aa,p(3) be distance
functions based on an arbitrary norm. Let x(3) be an arbitrary function that is
holomorphic and different from zero in D. Then the mintmum principle holds
for the functions | x(3)|Ap(3) and | x(3)| Aa.p(3) with respect to domains SC CD
on analytic planes of one complex dimension and their boundaries TC CD.

In other words, our fundamental Theorem 5.1 (5.4) holds under the re-
striction that the sets S, T are of a special form.

Proof. Let S be a domain on the analytic plane {3[3=3(°) +\b} where b
is a complex vector. Let S\UTCD. Then we have

inf Aq.p(3) | x(3) | = m > 0.
=

x(3) being different from zero we have
B80n(3) 2 m| x()7| fory € T.
Then the points
T(r) = {3l3 =4 +alm — DxG)* A € T}

are contained in D for any m =7>0. For 7r=m we have T(r)=T. Let us
also consider the point set

S(r) = {3]3 =43 +am - DxG)* Ay ES}.
S(7) is a domain on an analytic surface. It has the parameter-representa-
tion
3 =30 4+ A +alm — 1)x G + ), A € S*, S* a domain in the A-plane.
Itis

dz; 5 9x—1(20 4+ Ab
i:b’--i-aj(m—q-)(z _.E_.(_s.__j.___)bk).
oA k=1 Ozk

Now if the vectors a and b are linearly dependent, then the theorem is trivial.
Let therefore the vectors a and b be linearly independent. Then dz/90\ does
not vanish. Therefore S(r) is an analytic surface with no exceptional points.
For such surfaces the theorem of continuity holds by assumption. Now for
7=m we have T(r)=T and S(r) =S. There cannot exist a first 7>0 such
that S(7o) would not be contained in D. This would violate the theorem of
continuity. Therefore we have

S()CD form = 7> 0.

From this we conclude

Aup(3) Z m| xQ) | forz € S.
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From this follows

inf  Aap@®) | x| = inf Aup®) | xG) |,
IESUT IET

and from this equality follows as in 5.1

inf  Ap() | x(3) | = inf Ap(3) | x()]- q.ed.
IESUT €T

8.4. If the theorem of continuity holds in the form as described in 8.2 then
the functions —log Aa,p(3) and —log Ap(3) are plurisubharmonic in D.

This follows exactly as in 7.1. We observe that the maximum principle
is actually used in 7.1 only for the special case that S, T are domains and
their boundaries on one-dimensional analytic surfaces. Considering 8.2 we
obtain:

8.5. THEOREM. If the function —log Ap(3) is plurisubharmonic in a region
D where Ap(3) is based upon one particular norm, then any function —log
AL(3) is plurisubharmonic, where Ap(3) s based upon an arbitrary norm.

REMARK. In particular we can choose the functions —log dp(3) and
—log 8}(3) where 8p(3) is the euclidean distance function and 85(3) the dis-
tance function based on the maximum metric.

8.6. THEOREM. For an arbitrary norm the function —log Ap(3) is pluri-
subharmonic in D if and only if the theorem of continuity holds for domains S,
and their boundaries T, on analytic surfaces of one complex dimension.

8.7. DEFINITION. We term the regions for which the functions —log Ap(3)
are plurisubharmonic “pseudo-convex.”

An equivalent definition is according to 8.4: A region is pseudo-convex if
and only if the function —log 6p(3) is plurisubharmonic in D.

8.8. This definition brings Theorem 7.1 to the form: Any region of holo-
morphy is a pseudo-convex region.

The question arises if the converse is true, that is: Is any pseudo-convex
region a region of holomorphy? This question (in a different, however essen-
tially equivalent form) has been a problem since 1911. The problem was solved
affirmatively in 1942 by K. Oka [1] for two complex dimensions and in 1953
and 1954 by K. Oka [2], F. Norguet [1] and H. J. Bremermann [4] for
complex dimensions.

So far we have studied the pseudo-convex regions and the plurisubhar-
monic functions in connection with regions of holomorphy. In the following
we shall investigate them for their own sake.

9. The formal correspondence of the plurisubharmonic functions to the
convex functions and the pseudo-convex regions to the convex domains.

9.1. We should like to demonstrate that the pseudo-convex domains and the
plurisubharmonic functions may be considered as the natural extension of the
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notion “convex domain” and “convex function” from the n-dimensional real
space R* to the complex n-dimensional complex space C*. We shall try to do this
by matching corresponding theorems(?). (Of course, one can consider convex
domains and functions in the 2#-dimensional real space R?*" that is carrying
the C" as a complex structure. However, doing this is something completely
different.)

9.2. A real-valued function U(x) of one real variable is called “convex”
(or might be called “sublinear,” compare T. Radé [1, p. 1]) in a domain B of
the real axis R! if and only if the following condition holds for any compact
“subdomain” (subinterval) G of B:

If I(x) is a linear function such that

Wx) = U(x)
on the boundary of G, then
I(x) =2 U(x)

holds throughout G.

9.2.* A real-valued function V(z) of one complex variable is called “sub-
harmonic” (compare T. Radé [1]) in a region (or domain) D of the plane of
one complex variable C!, if and only if — ® < V(z) <« and V(2) is upper
semi-continuous in D and the following condition holds for any compact
subdomain G of D:

If k(2) is a function, harmonic in G and continuous in G* such that
h(2) = V(2) on the boundary of G, then

h(z) = V(2)

holds throughout G.

9.3. A real-valued function U(t) of » real variables x=(x1, - - -, %,) is
called “convex” (or might be called “plurisublinear”) in a domain B of the
space of n real variables R" if and only if on every straight line =1 4¢b
(¢t a real parameter, b a real vector) it is a convex function of the parameter
t[ iil the intersection Bﬂ{:]g=;‘°’+th} (Bonnesen-Fenchel [1], Bourbaki

1)]).

9.3.* A real-valued function V(3) of » complex variables 3= (21, - - - , 2,)
is called “plurisubharmonic” (or “pseudo-convex” by K. Oka [1] and in
previous papers of the author, Bremermann [1; 2]) in a region D of the space
of n complex variables C* if and only if — © < V(3) < and V(3) is upper
semi-continuous in D and on every analytic plane 3=3®+4\a (a a complex
vector) it is a subharmonic function of the parameter \ in the intersection
DN {3]3=3+Na}. (See 2.6.)

(® The proofs for the theorems in the convex case are either trivial or can be found in
Bourbaki [1], in Bonnesen-Fenchel [1], or follow from 11.4.
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9.4. U(x) is convex in B if and only if
aU/dx* = 0

at every point in B (Bonnesen-Fenchel [1, p. 18]). (The differentiation in the
sense of Schwartz [1].)
U(x) is linear if and only if

d*U/dx* = 0.
9.4.* V(z) is subharmonic in D if and only if
9V /9202 = 0

at every point in D (Radé [1, p. 12]). (The differentiation in the sense of
Schwartz.)
V(z) is harmonic if and only if
0*V/920% = O.
9.5. U(x) is convex in B if and only if the quadratic form
n U

=1 Bx,,ax,

dx,dx,

is positive semidefinite at every point of B. (The differentiation in the sense
of Schwartz.) (Bonnesen-Fenchel [1, p. 18]).
U(x) is linear in B if and only if
» 9

>z

Boye=l axpax!

dxdx, =0
in B.
9.5.* V(3) is plsh. in D if and only if the Hermitian form
n 32V

Bov==1 azyazr

dz,dz,

is positive semidefinite at every point of D. (The differentiation in the sense
of Schwartz.) (Bremermann [1, p. 21], Lelong [2, p. 194].)

V(3) is pluriharmonic (that means V(3) is the real part of a holomorphic
function) if and only if

n a2V

dz.dz, = 0.
oyl 62“82,
9.6. A convex function assumes its maximum at the boundary of a domain
unless it is constant in the domain.
9.6.* A plsh. function takes its maximum at the boundary of a domain
unless it is a constant in the domain (Bremermann [1], also Lelong [1]).
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9.7. If U(x) is convex in B and {1:]:=;‘°)+tb} CCB for |t| =<r, then

U@ +rb) — U@ — rb)

Uix®) <
@®) = 5

If for any r(® EB there exists an r, such that for all » <7, and for all b with
| 6] =1
UG® + 1) — UG — 1)

)

Ui©®) <
@) = 5

then U(z) is convex in B.
9.7.* If V(3) is plsh. in D and if {3/3=32+Na} CCD for |\| <7, then

2x

1
VGE©) = o V(G©® + re®a)dg.

mJ o

Let — o = V(3) < « and let V(3) be upper semicontinuous. Then V(3) is plsh.
in D, if for any 32 &D there exists an 7, such that for all <7, and for all a
with |a| =1

2%

1
VGO) S | VGO + ret)dp
™

0

(Bremermann [1, p. 22], also Lelong [1]).
9.8. Let Cx®@, r)={z||xi—xP®| <rA - - - Alxa—2P| <r}. Then, if
U(z) is convex in B and C(z?, r) C CB, then

1
UQ)dx, - - - dx,.
2r)» ‘fc(,«»',) (K)dzy

9.8.*% Let C(3®,7)= {3| Izl—z(lo)l <rA - -- /\|z,.—z$?)[ <r}. Then if V(3)
is plsh. in D and C(3®, r)C CD, then

Ue®) =

V™) =

f V(g)dxldyl e dx,.dy,.
0(3(0),7)

(wr®)n

(Bremermann [1, p. 24], also Lelong [1]).

9.9. Theorem 9.6 holds if we replace the n-cube C(z?, 7) by the n-sphere
{z| I:I <r} and the volume of the n-cube, (27)*, by the volume of the #n-
sphere.

9.9.* Theorem 9.6 holds if we replace the polycylinder C(3?, r) by the
2n-sphere {3||3| <r} and the volume of the polycylinder, (x7%)", by the
volume of the 2zn-sphere.

9.10. A function is convex in a domain B if and only if it is convex in
the neighborhood of each of its points.
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9.10.* A function is plsh. in a region D if and only if it is plsh. in the
neighborhood of each of its points (consequence of 9.7).

9.11. If U,(z) and U,(z) are convex in B, then Ui(r)+ U.(x) is convex in
B. If U(z) is convex in B, then aU(z) is convex in B if «=0. If U(z) is convex
in B and non-negative, then U?(z) is convex in B. If U(z) is convex in B, then
eV® is convex in B.

9.11.* If Vi(3) and Va(3) are plsh. in D, then Vi(3)+ V2(3) is plsh. in D, If
V(3) is plsh. in D, then aV(3) is plsh. in D if «=0. If V(3) is plsh. in B and
non-negative, then V2(3) is plsh. in D. If V(3) is plsh. in D, then ¢"® is plsh. in
D (Bremermann [1], also Lelong [1]).

9.12. The upper envelope U(t) =lim supy .r supa { Ua(x")} of a family of
functions { U.} that are convex in a domain B and bounded in every closed
subdomain of B is a convex function.

9.12.* The upper envelope V(3) =lim supy ., supa { V,,(g')} of a family of
functions { Va(g)} that are plurisubharmonic in a region D and bounded in
every closed subregion of D is a plsh. function (Bremermann [1]).

9.13. The limit of a uniformly convergent sequence of convex functions
is a convex function.

9.13.* The limit of a uniformly convergent sequence of plsh. functions is
a plsh. function (Bremermann [1, p. 30], also Lelong [1]).

9.14. Any function U(r) that is convex in a domain B can be approxi-
mated in any closed subdomain B’ C CB by a sequence of in B’ k times (k& an
arbitrary integer) differentiable convex functions U,(x) such that

USr) =2 Uppa(x) = U() in B
and

lim U,(z) = UQ®).

9.14.* Any function V(3) that is plsh. in a region D can be approximated
in any closed subregion D’C CD by a sequence of in D’ k times (¢ an arbi-
trary integer) differentiable plsh. functions V,(3) such that

V.3 = Viya(3) 2 V(E) in D
and

lim V,(3) = V()
(Bremermann [1, p. 30]).

9.15. This list could be continued rather indefinitely. By substituting
“linear” for “harmonic,” “straight line” for “analytic plane,” ¢ for 3, etc., we
obtain corresponding theorems for plurisubharmonic and convex functions.

In the following paragraphs we shall match corresponding theorems for
pseudo-convex regions and convex domains. The pseudo-convex regions are
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such that —log Ap(3) is a plurisubharmonic function in D. However, it is
sufficient to consider only the euclidean norm to characterize the pseudo-
convex regions: A region is pseudo-convex if and only if —log 85(3) is pluri-
subharmonic in D (8.6). The key for establishing the correspondence between
the convex domains and the pseudo-convex regions is that we are able to
prove that a domain BCR" is convex if and only if —log 85(x) is a convex
function in B. 35(r) is the euclidean distance function (compare 3.4). We
limit ourselves here for simplicity’s sake to the euclidean norm. It should be
noted that one can prove: If a domain B is convex, then —log Ap(z) is a
convex function in B, where Ag(r) is based upon an arbitrary norm of the
R®, and conversely if —log Ap(r) is a convex function in B, where Ag(t)
is based on an arbitrary norm, then B is a convex domain. The proof fol-
lows similar lines as the proof for the fact that if the theorem of continuity
holds for a region DCC», then —log Ap(3) is plurisubharmonic and vice
versa. The proof that —log 6z(t) is convex in a convex domain, which we
will give in the following, is different.

9.16. A domain BCR" is convex if and only if —log 65() is a convex func-
tion in B.

A convex domain is a domain such that with two points the straight line
segment connecting the two points belongs to the domain. A domain is
convex if and only if through every boundary point we have a supporting
linear manifold of dimension #—1 (where # is the dimension of the domain).
For definition etc. see: Bourbaki [1], Behnke-Stein [2], Bonnesen-Fenchel
[1]. We shall first prove part of Theorem 9.16:

9.17. If B is a convex domain, then —log 85(z) is a convex function in B.

Proof. Through every boundary point 1 of a convex domain we have a
supporting plane (or hyperplane) which can be written in the form {g[ a-(z
—1) =0} where a is a real vector, orthogonal to the plane; a-(t—1®) de-
notes the scalar product of a and r—z©,

Let |a| =1 and a such that a:-(x—) is positive on that side of the
plane on which B is situated. Then a-(r—®) measures in B the distance of
the point ¢ from the plane. Obviously

85(x) = min {a-(x — 1®)}

where ® varies through all boundary points of B and a is the vector associ-
ated to t™® as described above. Then

—log 85(x) = max {—loga-(r — r®)}.
Each function —log a- (r—t®) is a convex function in B, because
n 9¥—loga- (r —® n a,0,4%,dx%, a-dr)?
> (—loga-(z I)dx,.dx,=z LG, __ (adp
w1 9%,0%, wm (@@ —2™))? (@ @—1®))*

(compare 9.5). Also the family of functions { —log a- (g—x“”)} is bounded

=20
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in any closed subdomain B’C CB. Therefore, according to 9.12, the upper
envelope of the family, and that is —log 65(z), is a convex function in B.

Thus we have proved, if B is convex, then —log 65(t) is convex in B.

9.18. Let —log 85(x) be a convex function in B. Then the following “theorem
of continuity” holds for B:

Let S, and S, be straight line segments and T, and T, respectively, the bound-
ary (end points) of S, and So, respectively. Let S\IT,CB for every v and let
lim,.o S,=So and lim,., T,=T,. Then, if ToCB, SoCB.

Proof. Because of the maximum principle (9.6), we have for every »

max —log 8g(r) = max —log éa(x),
esur, IET,

which is equivalent to

min dp(r) = min ().
Les,uT, Ty
Now 05(t) is continuous in B (compare 3.2). Therefore, the latter inequal-
ity also holds in the limit:

min 8p(x) = min dp(z).
IESOUTO ) ETO

If ToE B, then minger, 85(r) =m>0. Therefore

min 6B(I) =m>0.
1ES,UT,

It follows that S¢\J T CB.

9.19. If the “theorem of continuity” (9.18) holds for a domain B, then B is a
convex domain.

Proof. Let rV and » be two points in B. We connect ¢ and ¢® by a
curve {r|r=z(t), 0=¢t=1} in B. Let £(0) =¢® and z(1) =¢®. If ¢ is close to
zero, then the line segment from ¢ to r(¢) is contained in B, as r is an in-
terior point of B.

If then ¢ increases toward 1, there cannot be a first ¢, such that the seg-
ment from r® to r(¢) is contained in B for 1 £t <o, but not for ¢y, because
that would be a contradiction to our theorem of continuity. Therefore, the
segment £(0) to (1) which is the segment from ¢ to ® belongs to B.

Thus we have proved: For arbitrary points ¥ and 1‘» € B, the points on
the connecting straight line are contained in B. That means B is a convex
domain.

Theorems 9.17, 9.18, and 9.19 together yield Theorem 9.16.

9.20. A domain B is convex if and only if —log 8z(r) is a convex function
in B (Theorem 9.16).

9.20.* A region D is pseudo-convex if and only if —log 8p(3) is a plsh. func-
tion in D (Definition 8.1).



1956] COMPLEX CONVEXITY 41

9.21. The (open) intersection B of a family of convex domains {B.} is a
convex domain.

Proof. We consider the theorem to be true if the open intersection is
empty. If it is not empty, then the family of the distance functions

{ —log 85, }

is uniformly bounded in every closed subdomain of B. —log 85(t) is the
upper envelope of the family { —log 85,(1) } Each —log 65,(1) is a convex
function in B, and therefore also in B. The upper envelope of a family of
convex functions is convex (9.12). Therefore, —log 85(x) is convex in B which
implies (9.20) that B is a convex region.

9.21.* The (open) intersection D of a family of pseudo-convex regions { D, }
is a pseudo-convex region.

REMARK. In the convex case the intersection of convex domains is again a
domain. In the pseudo-convex case the intersection of pseudo-convex domains
can be a region. We see that immediately if we remember that in the z-plane
any domain is a pseudo-convex domain.

The intersection of regions, however, is again a region.

The proof of our theorem for the pseudo-convex case goes exactly as in
the convex case.

9.22. A domain B is convex if and only if it satisfies the “theorem of con-
tinuity” (as described in 9.18).

In 9.17 we have proved: If B is convex, then —log 65(r) is convex in B.
In 9.18: If —log 85(r) is convex in B, then the theorem of continuity holds.
In 9.19: If the theorem of continuity holds, then B is convex.

9.22.* A region D is pseudo-convex if and only if it satisfies the following
“theorem of continuity”: Let S, be domains on 2-dimensional analytic surfaces,
T, the boundaries. Let lim,., S,=S, and lim,_., T,=T,. Let SJUT,CCB
and TwC CB, and let S,\UT, be bounded. Then S, CB (Theorem 8.6).

9.23. If U(x) is a convex function in a domain B and if (for real M) the
domain

{tltEBAUW < M}

is compact in B, then it is a convex domain.
One sees easily that the point set

{tlt€EBAUQ < M}

is a domain and that it satisfies the theorem of continuity because the maxi-
mum principle holds for the straight line segments S,, T, and U(t) (compare
9.6). Therefore the region

{t|ltEBAUQR < M}

is convex according to 9.22.
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9.23.* If V(3) is a plsh. function in a region D and if (for real M) the region
{slicDAVG < M)

is compact in D, then it is a pseudo-convex region(*).
One sees easily that the region

{slscDAVQE < M}

satisfies the theorem of continuity because the maximum principle holds for
domains on analytic surfaces and their boundaries, S,, 7T,, and V(3) (com-
pare 4.6). Therefore the region

{s|s€DAVE < M}

is pseudo-convex according to 9.22.

9.24. Let {B,} be a sequence of convex domains, such that B,CB,,CB,
and lim,.., B,=B,. Then B is a convex domain(%).

9.24.* Let {D,} be a sequence of pseudo-convex regions, such that D,C D,
CD, and lim,., D,=D. Then D is a pseudo-convex region(°).

Proof. Because of B,CB,;1CB we have 8p,(t) <90s,,,(r) 05(t) which is
equivalent to —log 85,(t) = —log ds,,,(t) = —log 65(t). In any compact sub-
region of B the functions —log 8z, (r) converge uniformly towards —log 8z(z).
Every function —log 85,(z) is convex because of 9.20. Therefore —log d5(x)
is convex because of 9.13, and because of 9.20 it follows that B is convex.

The proof for the pseudo-convex case is completely analogous to the con-
vex case.

9.25. If B is a domain such that there exists a function U(x) that is convex in
B and such that for arbitrary large real M

{tlteBAUGR < M} CC B,

then B is convex.
9.25.* If D is a region such that there exists a function V(3) that is plsh. in
D and such that for arbitrary large real M

{slseDAVGE <M} CCD,
then D is pseudo-convex.

() The regions {3|3&DAVE) <M } are of considerable interest (compare Theorem 7.2,
compare also Bremermann[1] and [2]).

Also, Marston Morse’s theory of “critical points” (Marston Morse [1]) could be developed
to a certain extent for these regions. The “subharmonic” and “plurisubharmonic functions” are
a similar extension of the class of harmonic functions as the “pseudo-harmonic functions” of
Marston Morse. The surfaces V(3) = M correspond to the “level curves,” and a “critical point”
is a point, where 8V/dzi= - + + =8V /3z,=0 and 8V/dz1= - - - =8V/82.=0 (if V(3) is dif-
ferentiable).

(%) For the definition of lim,.. B,=B and lim,.« D,=D, see 2.4.

(%) This theorem stated for regions of holomorphy is known as the “theorem of Behnke-
Stein” (compare 2.9).
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According to 9.23 every domain By = { glgEB ANUQ@ <M } is convex.
Also ByCBuy1CB and lim .. By =B. Therefore B: is convex according to
9.24. The same argument proves also the pseudo-convex case.

We note that this theorem is important for 7.2.

9.26. If B is a convex domain, then it can be approximated by convex do-
mains B, such that the boundary is k times (k an arbitrary integer) differentiable,
and B,CB,1CB and lim ,..,B,=B.

9.26.* If Dis a pseudo-convex region, then it can be approximated by pseudo-
convex regions D, such that the boundary is k times (k an arbitrary integer)
differentiable, and D,CD,,CD and lim,., D,=D.

Proof. (For the pseudo-convex case, the proof for the convex case is anal-
ogous). If D is pseudo-convex, then —log 6p(3) is plsh. in D. In a (sufficiently
large) subregion of D we approximate —log 6p(3) by k-times continuous
differentigble plsh. functions V,(3) and define

D= {3 EDAV,G) < My},

v and M, sufficiently chosen. The boundary of D, is given by V,,(3) — M1=0
and is k-times differentiable. In a similar way we construct D,, D; such that
D, CD,CD;, etc., and lim,., D,=D.

This list could be continued further.

10. Pseudo-convex envelopes and the problem of complex manifolds and
Riemann domains.

10.1. Any arbitrary domain BCR" has a convex envelope. The convex
envelope is the intersection of all convex domains containing B.

Therefore we are tempted to define the pseudo-convex envelope of an
arbitrary domain D CC" to be the intersection of all pseudo-convex domains
containing D. This is possible, of course.

However, if we want the pseudo-convex envelope of a domain to coincide
with the envelope of holomorphy, then this definition does not work. There
are schlicht domains, the envelope of holomorphy of which is no longer
schlicht (Thullen [1], Bremermann [3]). This leads us to consider pseudo-
convex domains and plsh. functions in non-schlicht domains.

Complex manifolds have been studied extensively in recent years. There-
fore, the extension of our techniques is of interest not only in connection with
the pseudo-convex envelope.

10.2. A 2n-dimensional complex manifold 2 is a 2#-dimensional manifold
that has the following property: 9 is covered with local systems of ‘complex
coordinates P(3) (let P denote a variable point in A1), such that in the inter-
section of two systems P(3) and P(3*) the transformations 3(3*) and 3*(3) are
holomorphic and one to one.

10.3. A function V(P) is called plurisubharmonic in a region on a complex
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manifold M if V(P) is upper semicontinuous and V(P (3)) is plsh. (in 3) where
the local coordinates P(3) are valid.

Change of local coordinates does not affect the property of V(P) to be
plsh., as the property of a function to be plsh. is invariant with respect to
holomorphic transformations.

If 9 is schlicht the definition coincides with our previous definition for
schlicht domains.

10.4. A domain DCC" is pseudo-convex if and only if there exists a func-
tion V(3) plsh. in D, such that for all (arbitrarily large) real M the region

sls€DAVRE < M}

is compact in D (7.2 and 9.25).

Because this property is necessary and sufficient we can take it as defini-
tion; this definition can be carried over to complex manifolds.

A region DCIM, M a complex manifold, is called pseudo-convex if and only
if there exists a function V(P), plsh. in D, such that for all (arbitrary large) real
M

{P|[PEMAVEP) <M} CCD.

10.5. This definition permits us to extend several of the theorems in §9
to complex manifolds.

The problem is, however, to show that domains of holomorphy on complex
manifolds are pseudo-convex domains. This problem would be solved if it
were possible to find a substitute for —log dp(3) on complex manifolds.

Recently K. Oka has solved this problem for concrete complex manifolds
over the C*, with no branchpoints as interior points, that is complex mani-
folds such that the 2, - - - 2,&C" are local coordinates at every point of the
manifold. On such a manifold é5(3) can be defined. The difficulty here is to
show that —log 6p(3) goes to infinity also if  moves on a path that is winding
on infinitely many sheets such that the projection into the C* remains within
a bounded domain (K. Oka [2]).

10.6. We note, in the case of regions D that are compact in a Stein manifold
(that is a special type of complex manifold), that we can imbed the non-schlicht
region as an analytic surface in a higher dimensional schlicht space. In this case
we can take a distance function in this higher-dimensional schlicht space, restrict
it to D, and thus obtain a substitute for —log dp(3).

10.7. The pseudo-convex envelope. In 10.1 we have seen that we have to
consider not only schlicht pseudo-convex regions containing a given region in
order to define the pseudo-convex envelope but also the non-schlicht regions
containing the given region.

By “continuation” of a given schlicht region D we shall understand any con-
crete complex manifold with no branchpoints as interior posnts that contains the
given region D.
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As “pseudo-convex envelope” of a schlicht region we define the largest (open)
region contained in the intersection of all continuations of D.

By this definition any region DC C* possesses a pseudo-convex envelope
and it coincides, according to the result of K. Oka, with the envelope of
holomorphy of D.

10.8. Convex domains have the property that with two points the con-
necting straight line segment belongs to the domain. What corresponds in
the pseudo-convex case to this property?

The straight line segment is the convex envelope of the set consisting of the
two points. A domain B is convex if and only if with any subset that is con-
tained in the domain the convex envelope of the subset is contained in the
domain. Thus it turns out that it is sufficient to take as subsets pairs of
points of B and to require that their convex envelope is contained in B.

Pseudo-convex regions also have the property that a region D is pseudo-
convex if with any subset its pseudo-convex envelope is contained in D.
The question is: What kind of subsets are already characteristic and thus
correspond to the pairs of points in the convex case? In other words we have
the problem of determining a class € of sets as simple as possible such that
a region D is pseudo-convex if the pseudo-convex envelope of any subset of
D that belongs to € is contained in D.

11. Tube domains.

11.1. Letzj=x;+dy;andt=(x1, * - - ,%.), 9=(, * * -, ¥a), and 3 =g+,

A “tube domain” is ¢ domain that has the form

T =’{3| t € B, y arbitrary},

where the “base” B is a domain in the space of the n real parts x,, - - + , %n.

We write T'p for a tube with base B.

11.2. Let V(3) be defined in Tz and be independent of v, that is: V(3) = V(z).
Then V(3) is plsh. in Tg if and only if V(r) is convex in B(7).

Proof. V(3) is pseudo-convex if and only if

r 9V ()

uoy=1 02,03,

dz,dz,
(in the sense of Schwartz) is positive semidefinite. As V(3) does not depend
upon y we have

V) V@)

02,02, 0x,0%,

Also dz,d3, =dx,dx,+dy,dy,+i(dy.dx,—dx,.dy,). Therefore

(") Theorems 11.2 and 11.3 were first obtained together with other interesting results on
tube domains by Lelong [2]. Convex tube domains also play a role in Bochner-Martin [1],
Hitotumatu [1], Bremermann [1; 3; 5].
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v v
@ dz,dz, = D, — @ (dx.dx, + dy.dy,).

02,02, dx,0x,

P>

The latter form is positive semidefinite if and only if D_(32V(¢)/9x.0%,)dx.dx,
is positive semidefinite, and that is the case if and only if V(¢) is convex (ac-
cording to 9.5).

11.3. A tube domain T g CC™ is pseudo-convex if and only if its basis BC R*
is convex.

Tp is pseudo-convex if and only if —log 8r(3) is plsh. in T5. Now obvi-
ously 6r(3) does not depend upon y and we have 8r(3) =85(t). (65(z) the dis-
tance function of the domain B.) As we have just proved, —log 8r(3) is
pseudo-convex in Tp if and only if —log 65(r) is convex in B. —log 65() is
convex if and only if B is convex (9.20). Thus T is pseudo-convex if and
only if B is convex.

11.4. To any convex domain BCR" we can associate Tp= {3|tEBAY
arbitrary} CCr To any function U(x), convex in B, we can associate the
function V(3) = U(z), defined in Ts.

T'p is pseudo-convex according to 11.3 and V(3) is plsh. in T'p according
to 11.2.

Any theorem that is true for all plsh. functions and all pseudo-convex
regions is in particular true for Tz and V(3). If we are able to conclude that
the statement is also true for the restriction of V(3) to B and T to B, we
have derived the corresponding theorem for convex functions and domains.

For instance the upper envelope of a bounded family of plurisubharmonic
functions is a plurisubharmonic function. We want to conclude: The upper
envelope of a bounded family § {Ja(r)} of convex functions U,(z), defined in
B, is a convex in B. We define V,(3) = U.(r), then V.(3) is plurisubharmonic
in Ts. Hence the upper envelope V(3) of the family { V,(a)} is plurisubhar-
monic in T'p. It does not depend on the imaginary part of 3. Therefore its
restriction is convex in B. The restriction of V(3) is the upper envelope of
{ Ua(z) }. Hence the upper envelope of {U.(3)} is convex.

We cannot always conclude in this way. For instance any plurisubhar-
monic function can be approximated by plurisubharmonic functions that are
arbitrarily differentiable. If we want to derive the corresponding theorem for
convex functions, we have the difficulty that our theorem for plurisubhar-
monic functions ensures us only the existence of an arbitrarily differentiable
approximating plurisubharmonic function but does not ensure us that this
function does not depend upon the imaginary parts. Thus we cannot simply
conclude that the restriction is convex.

Thus the possibility of proving corresponding theorems by this “restric-
tion principle” depends upon the logical structure of the theorem, in particu-
lar if the theorem contains “existence” quantification.

12. “Extended class” of functions.

12.1. Given a domain in the z-plane (with a sufficiently well behaved
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boundary) and continuous boundary values. Then there does exist a function
harmonic in the domain and assuming the given boundary values.

In several variables this is no longer true. Given on the boundary of a
domain continuous boundary values. There does in general not exist a func-
tion pluriharmonic in the domain that assumes the given boundary values.

Even if the boundary values are prescribed only on the #-dimensional
“distinguished boundary surface” (Bergman [1; 4]), of a 2n-dimensional do-
main (with a distinguished boundary surface), the boundary value problem
can, in general, not be solved with pluriharmonic functions. To solve arbi-
trary continuous boundary values, prescribed on a distinguished boundary
surface, Bergman has extended the class of pluriharmonic functions to the
“extended class” (Bergman [4; 6]).

12.2. A very handy class of a domain with a distinguished boundary sur-
face—though not containing the most general type—are the “analytic poly-
hedrons.”

An analytic polyhedron is a domain of the form

P={(13€DA x| <1A---Alx@| <1}, Ek2n,

where D is a region and x1(3), - - -, xx(3) are holomorphic in D and PC CD.
Its distinguished boundary surface is the union of all intersections of n
different hypersurfaces

BILEPA @] =1} N{IIEPA |%.0)] =1}

The boundary of P consists of ¢ 2n—1 dimensional hypersurfaces o;;

k
6P=pai; o;={3|3€1—’/\lXi(8)l = 1}.

=1

The boundary of o}, consists of (at most) & 2n—2 dimensional surfaces,
k
T = U O j1is
Fa=l
(¢j,5, may be empty for certain js),

o =3EPA [ xi®] =1A |x:0)| =1}

The boundary of ¢},;, is U, },.5,.;, etc. We get finally g,...;,, and the union
of all gj,...;, is the “distinguished boundary surface” of P.

If the functions xi(3) - - - xx(3) are sufficiently well behaved, each
j...j, is at most 2n—» dimensional and in particular the distinguished
boundary surface is #-dimensional. The maximum principle holds for P and
the distinguished boundary surface and the class of functions that are holo-
morphic in P.

12.3. The convex analogue to the analytic polyhedrons are the convex poly-
hedrons.
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An analytic polyhedron we can write in the form
P={3[3€EDAlog | x| <OA---Alog | xu(3)| <0}.

To the pluriharmonic functions correspond the linear functions as we have
seen in §9. Therefore we obtain that

P={t|tEBALY <OA - - AkQk) <0}

corresponds to the analytic polyhedron. Here the condition t& B is obsolete,
we obtain:

1\

P={t|lL@E) <OA - Al <0}, B>

Such a domain is a convex polyhedron.

The boundary consists of at most 2 #—1 dimension plane segments.
dP=U}_, o,. The boundary of each segment ¢, consists of at most k n—2
dimensional plane segments ¢;,;,, etc. The “distinguished boundary surface”
consists of a finite number of points, the “corners” of our polyhedron. The
maximum principle holds for P and its distinguished boundary surface and
the class of linear functions as well as for the class of functions that are con-
vex in P.

12.4. Bergman’'s “extended class” (Bergman [4]). Bergman considers the
case of 2 variables. Here the distinguished boundary surface is two-dimen-
sional.

Each ¢;= {3|3€ ?/\lxj(g)l =1} is the union of the set of analytic sur-
faces:

Foo = {313 € P A xi3) = e}, 0<4d; s 2m

The boundary of each F¢ lies on the distinguished boundary surface. There-
fore we have continuous boundary values, prescribed on the boundary of
FD,

As F¢? is a 2-dimensional analytic surface, we can solve the boundary
value problem and determine that function that is harmonic on F{? and
takes the given boundary values. Doing this for every F? we have our func-
tion uniquely defined on the whole boundary of P.

The next step is to define the function of the extended class in P. Bergman
has used two different methods (Bergman [4], p. 526). (1) Take that
(uniquely determined) harmonic function that takes the prescribed boundary
values on 9P, the boundary of P. (2) Select one fixed x;,(3), and define

e = {33 € P A xi(3) = pe?}.

Then the union of all 7,4, for 0<p<1, 0<¢ <27, is P. Each analytic surface
7,.5 has its boundary on dP. We can similarly, as above, determine that har-
monic function (harmonic on F;,(p, ¥#)) that assumes the values on the
boundary of F;,(p, #). Thus we obtain a function, uniquely defined for every
point in P.
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By selecting a different x;,(3) we would have obtained a different function.
Thus there are k different possibilities, k different “extended classes.”

12.5. Let us interpret this procedure in the convex case.

In the case of one real variable a convex domain is an interval. The bound-
ary value problem can trivially be solved with a linear function (compare
12.1).

In the case of two variables it is in general quite impossible, of course, to
solve the boundary value problem with boundary values prescribed on the
whole boundary with linear functions (compare 12.1).

However, given a triangle and boundary values at its “distinguished
boundary surface,” that is its three corners. By three values a linear function
is just uniquely determined.

If we have a polygon with # corners, however, we can, in general, not find
a linear function assuming the given # values. We have the situation that
corresponds to the case of boundary values prescribed on the distinguished
boundary surface of an analytic polyhedron.

Let us now interpret the construction of a function of the “extended
class” in the convex case.

Corresponding to the C? is the R? and to an analytic polyhedron cor-
responds a convex polyhedron P. On every side ¢; of the polyhedron we can
determine that function that is linear on the side and that takes the pre-
scribed values in the corners 7;,;,. )

Thus we obtain boundary values on the whole boundary of P. To define
our function of the “extended class” we have corresponding to 12.4 the cases:
(1) Take that harmonic function that assumes the values on dP. (2) We select
one of the sides o;, of the polyhedron and cover with its parallels 7, the whole
domain P. The end points of each segment 7, lie on the boundary of P. We
can now determine that function, linear on 7,, that assumes the boundary
values in the end points of 7,. Thus we obtain a function defined throughout
P.

By selecting a different side a;, we would have obtained a different func-
tion. Thus there are % different possibilities, k different “extended classes.”

12.6. In the case of a convex polyhedron we have also another possibility
of defining an “extended class” to solve our boundary value problem.

We take the upper envelope of all linear functions that are smaller or
equal to the given boundary values. This envelope function is a convex func-
tion (compare 9.12). Also, as it can easily be seen, it assumes the prescribed
(finitely many) boundary values. This envelope function can be obtained as
the upper envelope of at most k different linear functions if we have k corners.
This function is also equal to the upper envelope of all convex functions that
are smaller or equal to the given boundary values.

12.7. The correspondence between convexity and pseudo-convexity sug-
gests proceeding in the case of analytic polyhedrons in a similar way.
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We can consider the class of all pluriharmonic functions or plurisubhar-
monic functions, respectively, that are smaller than or equal to the given
boundary values on the distinguished boundary surface. The upper envelope
is a plurisubharmonic function, because of 9.12 and because the maximum
principle holds for analytic polyhedra, its distinguished boundary surface
and the class of plurisubharmonic functions (12.2).

We conjecture: This envelope function assumes the given boundary values
if the boundary is sufficiently “well behaved.”

We shall take up these heuristic ideas in a further paper.
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